
Series 3 solutions  
Exercise 1 
 

 
At 𝑡 = 0, while the system is in a stationary state 𝑞𝑖𝑛 = 0,015𝑚2/𝑠, the feed flow is cut.. 
 

- At a stationary state: 𝑞̅𝑖𝑛 = 𝑞̅𝑜𝑢𝑡 
 

Therefore: 0,015 [
𝑚3

𝑠
] = 0,01√ℎ̅ [

𝑚3

𝑠
]  ⇒ ℎ̅ = 2,25[𝑚] 

 
- Mass balance: 

𝑑𝑚

𝑑𝑡
=

𝑑(𝜌𝐴)

𝑑𝑡
= 𝑚𝑖𝑛 − 𝑚𝑜𝑢𝑡 

𝜌𝑆
𝑑ℎ

𝑑𝑡
= 𝜌𝑞𝑖𝑛 − 𝜌𝑞𝑜𝑢𝑡 = 𝜌𝑞𝑖𝑛 − 𝜌(0,01√ℎ) 

𝑆
𝑑ℎ

𝑑𝑡
= 𝑞𝑖𝑛 − 0,01√ℎ 

 
a) Empty half of the reservoir 

For 𝑡 ≥ 0, 𝑞𝑖𝑛 = 0. Therefore, 
𝑑ℎ

𝑑𝑡
= −0,01√ℎ 

 
By integrating the equation by separation of variables: 

∫
𝑑ℎ

√ℎ

ℎ̅
2

ℎ̅

= −
0,01

𝑆
∫ 𝑑𝑡

𝑇

0

 

With 𝑆 = 2[𝑚2] et ℎ̅ = 2,25[𝑚], we get: 𝑇 = 176[𝑠] 
 

b) Empty the entire reservoir 
 

∫
𝑑ℎ

√ℎ

0

ℎ̅

= −
0,01

𝑆
∫ 𝑑𝑡

𝑇

0

 ⟹ 𝑇 = 600[𝑠] 

Note: if the flow rate 𝑞𝑜𝑢𝑡 were proportional to ℎ,i.e. 𝑞𝑜𝑢𝑡 = 𝑘ℎ, then: 

𝑆
𝑑ℎ

𝑑𝑡
= −𝑘ℎ  ⟹  ∫

𝑑ℎ′

√ℎ′

ℎ

ℎ̅

= −
𝑘

𝑆
∫ 𝑑𝑡′

𝑡

0

 ⟹ ℎ(𝑡) = ℎ̅ ∙ 𝑒−
𝑘
𝑆

𝑡 

Therefore, for ℎ(𝑡) → 0, 𝑡 → ∞. 



Exercise 2 

 
 

a) Dynamic model for the system 
Heat balance for zone 1: 

𝑉𝜌𝑐𝑝

𝑑𝑇1

𝑑𝑡
= 𝑞𝜌𝑐𝑝(𝑇𝑒 − 𝑇1) − 𝑈12𝐴12(𝑇1 − 𝑇2) − 𝑈0𝐴0(𝑇1 − 𝑇0) 

 
Heat balance for zone 2: 

𝑉𝜌𝑐𝑝

𝑑𝑇2

𝑑𝑡
= 𝑞𝜌𝑐𝑝(𝑇1 − 𝑇2) − 𝑈12𝐴12(𝑇2 − 𝑇1) − 𝑈0𝐴0(𝑇2 − 𝑇0) 

 
b) Linearity 

In each differential equation, the product 𝑞𝑇 is appearing: 
- If 𝑞 varies, representing for instance the entry variable of the system: nonlinear model 
- If 𝑞 is constant: linear model 

 
c) Comparison of the two systems 

 
Heat balance for case 2 (only one zone): 

2𝑉𝜌𝑐𝑝

𝑑𝑇

𝑑𝑡
= 𝑞𝜌𝑐𝑝(𝑇𝑒 − 𝑇) − 2𝑈0𝐴0(𝑇 − 𝑇0) 

 
Combined heat balance for case 1 (two zones): 

𝑉𝜌𝑐𝑝 (
𝑑𝑇1

𝑑𝑡
+

𝑑𝑇2

𝑑𝑡
) = 𝑞𝜌𝑐𝑝(𝑇𝑒 − 𝑇1) − 2𝑈0𝐴0 (

𝑇1 + 𝑇2

2
− 𝑇0) 

 
Thus,  
- the two systems are not equivalent, 
- case 1 corresponds to case 2 for 𝑇1 = 𝑇2 = 𝑇. 

 
d) Nonhomogeneous sections 

If the two zones are not homogeneous, the system will have spatially varying parameters 
(described by partial differential equations) 



 
 

Exercise 3 

 
Linearize this model for the equilibrium point corresponding to 𝑢̅1 = 𝑢̅2 = 1 , for positive 
values of 𝑥̅1 and 𝑥̅2. 
 
At the equilibrium point corresponding to 𝑢̅1 = 𝑢̅2 = 1, the variables 𝑥̅1  and 𝑥̅2  satisfy the 
relations:  

0 = 𝑥̅1+ 𝑥̅2 − 2 
0 = 𝑥̅1

2 −  (𝑥̅2 − 1)2 + 𝑥̅1𝑥̅2 − 2 
 
The solution to this system of nonlinear equations for positive values of 𝑥̅1 and 𝑥̅2 is: 

𝑥̅1 = 𝑥̅2 = 1 
 
By linearizing a nonlinear dynamic system around this point, the following matrices A, B, C and 
D are obtained: 

 
 
With: 

𝛿𝑥̇ = 𝐴𝛿𝑥 + 𝐵𝛿𝑢    and     𝛿𝑦 = 𝐶𝛿𝑥 + 𝐷𝛿𝑢   where 𝛿𝑥 = [
𝛿𝑥1

𝛿𝑥2
] etc.  

 


